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D-52056 Aachen, Germany

Received 10 May 1994

Abstract. We present a derivation of the two-band density matrix dynamics which considers the
effect of external fields on bosh the intraband drift motion in the six-dimensional configuration
space and the interband transitions. This includes in particular the contribution of the light
field to the drift term of the interband density matrix which is, for example, responsible for
the ‘resonant’ Stark effect. A relation between the density matrix and electrodynamic quantities
is established where our approach directly accounts for the decomposition into interband and
intraband polarization. The corsideration of a static magnetic field without invoking the ‘Peierls
substitution’ turns out to yield deviations from the wsual formulations in magneto-optics and
transport theory. In the regime of quantum transport we obtain a general expression for the
quantum correction of the energy density which is valid for non-equilibium conditions and
arbitrary band structure and can be used for the derivation of quantum hydrodynamic equations.

1. Introduction

Non-linear optics and transport in modern semiconductor devices are characterized by a
continuing diminution of the time and length scales involved. While the duration of pulses
in ultrafast optical processes lies in the order of femtoseconds, transport is concerned with
semiconductor devices that have reached the deep-submicron regime. This suggests that
classical or semiclassical descriptions of experiments in these fields have to be replaced by
a quantum mechanical treatment [1]. Appropriate theoretical framewarks for studying those
effects are non-equilibrium Green function theory [2-7] and density matrix theory [8-27].
In this paper we adopt the density matrix approach because of its relative simplicity and
more direct link with physical observables.

An example in optics, which cannot be addressed semiclassically, is the ‘non-resonant’
dynamical (optical or AC) Stark effect [28,29], ie. the modification of the excitonic
absorption caused by an intense laser pump beam below the exciton resonance. This effect
can be explained by the semiconductor Bloch equations [8-13] where in addition to the
electron and hole distributions (intraband density matrices) the electron—hole pair amplitude
(interband density matrix) is an independent dynamic variable which is created due to the
light field appearing in the source terms of the equations of motion. However, this approach
is not sufficient for all situaticns in optics since the Hamiltonian, from which these equations
are derived, includes neither spatially non-uniform situations nor drift contributions in
momentum space. It is therefore not adapted to experiments like the emission of THz
radiation from semiconductor heterostructures [30,31] or the ‘resonant” Stark effect [32, 33]
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where a pump beam is resonant between two exciton sublevel states. The former effect is
associated with spatial inhomogeneity since it is caused by charge oscillations and thus the
polarization is related to the electron and hole distributions [23, 24] and not to the electron—~
hole pair amplitude describing interband transitions. The ‘resonant’ Stark effect originates
from the contribution of the light field to the drift term of the electron—hole pair amplitude,
which was first introduced in terms of the vector potential [16-19] and later replaced ‘by
hand’ with a transverse electric field [19-21]. It has to be stressed that a crucial point in
this context is the fact that the relation between the dynamic variables and electrodynamic
quantities depends on the gauge chosen and that equivalent gauges can lead to different
results when using approximations {34]. Similar problems arise when considering a static
magnetic field [22], namely the ‘Peierls substitution” which has become the subject of
serious criticism [35].

Semiclassical transport in the field of semiconductor device simulation is described
by the Boltzmann transport equations [36,37] where the electron-hole pair amplitude is
eliminated as an independent variable. On the other hand, the classical hydrodynamic model
consisting of balance equations for charge density, conduction current density and energy
density is also used [38-40] since its solution reguires much less computation time. In view
of the increasing miniaturization of semiconductor devices quantum mechanical extensions
of these models are under discussion. In the Boltzmann equations higher derivatives of
the scalar potential have been considered [1, 14,27,41-43], while in the hydrodynamic
model a ‘quantum potential’ has been introduced for which different expressions are being
used [27,42,43] and the first applications on the device level have been performed [44, 45].
These approaches assume a parabolic bandstructure and in the hydrodynamic case often
refer to special shapes of the distribution functions. However, non-parabolic bandstructures
are imporiant in hot-electron transport [39, 40] so that formulations are desirable which relax
the restriction to parabolic bands and particular shapes of the distribution functions,

The aim of this work is to present a consistent derivation of the density matrix dynamics
that incorporates all the interband and intraband processes induced by external fields in the
different situations of optics and transport as described above. This requires a decomposition
of the effect of the external fields into drift and transition contributions which can be achieved
in a site representation of the second-quantized Hamiltonian by making use of localization
properties of the Wannier functions. The other focus is to establish a relation between the
dynamic variables and physical quantities of interest which will be based on transforming
the equations of motion into a version where the expression for the resulting conduction
current density is gauge independent. In the case of a light field this is accomplished via a
gauge transformation as long as the magnetic component of the light can be neglected. In
the presence of a strong static magnetic field an additional transformation of the variables
has to be applied which removes the explicit dependence of the conduction current density
on the magnetic field. Interband polarization and magnetization are then identified via the
expectation value of the corresponding Hamiltonian, The expectation value also yields
directly the general expression for the quantum correction of the energy density and permits
us in sufficiently localized systems to rewrite the conduction current density in terms of an
intraband polarization.

For simplicity we consider only a two-band system and assume in the main part of
this work a parabolic band structure. Only in the section on guantum transport are no
approximations imposed on the band structure. The Coulomb interaction is omitted since
the subject of this paper is the incorporation of external fields. The paper is organized
as follows. In section 2 the Hamiltonian is set up in an appropriate form using a gauge
transformation as well as localization properties of the Wannier functions. In section 3 the
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equations of motion for the density matrix in the presence of a light field and a longitudinal
electric field are derived. In section 4 we relate the dynamic variables to macroscopic
quantities of interest and in section 5 a static and uniform magnetic field is incorporated
into the density matrix dynamics. Finally, in section 6 the regime of quantum fransport is
discussed and in section 7 some conclusions are drawn.

2. Hamiltonian

The second-quantized Hamiltonian describing a two-band semiconducior under the influence
of external fields in the electron-hole picture is

H= zhci.ch,T ¢ = hui.ujd;r d; + hyi cjdic; +- h:iicjc}df 2.1a)
LJ
Pt} = f wi(r — RiYhu (r — R,) &r 2.15)
v
1 h r 2 #
h= o =V+edA(r,1)] —ed'(r,t)+U(r) (2.1¢)
2m° i

where n denotes the band index (characterizing the valence band (n = v) or the conduction
band (n = ¢)), my the free electron mass, ¢ > § the magnitude of the elementary charge,
V the volume of the crystal and U(r) the periodic potential of the lattice; w,(r — ;)
stands for the Wannier functions. They are related to the Bloch functions v,.{r), which
are eigenstates of the single-particle Hamiltonian

52

hg = _EA + U(r) 22)
with eigenvalues €,(k), through the transformation
1 .
wa(r — Ry) = —= Y _ e F (). (2.3)
=752

Here, N is the number of unit cells in the crystal and the summation over k is confined to
the first Brillouin zone BZ. The creation and annihilation operators of elecirons (holes) at
site R are given by cj- (d;) and c;(d;), respectively.

We suppose that A" and ¢ are obtained from potentials in the Coulomb gauge
(V - A =0} via the gauge transformation (see the appendix)

A, ) = A(r, )+ Vx(r, 1) (2.4a)
O'(r, = ®(r.1 - %x(r, 1) (2.45)
with the gauge function
1
x(@, 0= —[ dur. Aur,1) 2.5)
0

as given by Fiutak [46] and used by other authors [47,48] which goes back to the
transformation of Goppert-Mayer [49]. This yields for the new potentials [46,47]

1
Al(r,t) = f du B(ur,t) x ur ~ 1B(0,1) x r (2.6a)
0

1
Y'(r, 1) = (r, 1) — f dur-E (ur,t) % O, ) —r-E (0,1) (2.6B)
0
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where we have applied the long-wavelength approximation to the magnetic field B and the
transverse electric field E; = —§.4/8¢ by approximating them in the integral with their
values at the origin. The consideration of a space-dependent light field would require us
to start with its explicit spatial dependence (e.g. a plane wave) and then to perform the
integration over u in (2.6).

We now calculate the matrix elements (2.15) of the single-particle Hamiltonian (2.1¢)
involving the electric field. For this we (i) assume that the integration in (2.15) can be
restricted to an overlap region due to localization properties of the Wannier functions [50]
and (ii) relate the position vector in a dipole matrix element to the centre R;; = (R;+ R;)/2
of the overlap region. The assumption of the overlap region being of the order of a unit
cell is supported by the experimental value of 7.88 eA for the dipole matrix element in
GaAs [29] to be compared with the corresponding lattice constant of 5.65 A. For simplicity
we concentrate on the limiting case where the integration in (2.15) is only over a single
unit cell and terms with Wannier functions centred around different sites vanish. Hence

hﬁm = —eL . w;(r — B (v, wy (r — R,-)d3r
e (B

= — ef wh(r — R} ®(r,1)— E:(0,1) - R;
Qeon ()}

—E (0,1): (r — R)lwn(r — R)&r
= —eSuw[®R, 1) - Es(0,0) - Ri]+erny - LB (B, ) + EL(0,1)] (2.7)

expanding in the last step the scalar potential ¢ to first order about R; and changing the
variable of integration to » — I;. Here, we have introduced the longitudinal electric field
E, = —V® and the dipole matrix element

—eTy = —e f Wi (rrwy (r) d°r 2.8
o

Overlap regions exceeding a single unit cell can be taken into account for example viz a
‘smeared-out’” dipole —e¥, »(R; — R;) [14]. The matrix element involving the magnetic
field is obtained by applying an analogous procedure, i.e. adding and subtracting the overlap
centre R;; as well as restricting, if necessary, the integration to the overlap region, and using
the definitions

valk) = — f A ) & = 1) (2.9)
mo Jv 1 ;)

Dpn = f w;(r)EVw,,,(r) d*r (2.10)
Qeen 1

Ly = f (1) (r X T—?V)w,,:(r) d®r (2.11)
Qe 1

D = f W) + Yy (1) &F 2.12)

el

where the magnetic field is taken along the 7z axis. Finally, the remaining matrix element
of the single-particle Hamiltonian Ag given in (2.2) results from replacing the Wannier
functions through the Bloch functions via (2.3). The total matrix element (2.1b) is then

P, wj = hm w + hm ' + hm nj (2.13a)

1 o
Mooy = bt 5 D et} R (2.136)
keBZ
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RE =8, (—&)O(R:, 1) ~ EL(0,2) - Ri16:;

nin j
+ (1= nm)etr - [E(Ry, ) + BL (0. D)8 (.13
1 i Cl 3 — ]
hukaty = 3n,n'[§ 3" 1eB(@©,1) - Ry x vy(k)e*RR)
keBZ

£ e’ 2, & 2,3
+ (MB(O, t) . Ln,n + g—“(B(o, t) X R,) + ———‘(B(ﬂ‘ t)) (r )H,n)af.j]

+ (I —ann")

B(O t)- (R % Pry +Lnn)8u (213d)

assuming r, , to cancel due to selection rules and neglecting er, .y x B against p, » as well
as eB(r?), » against L, .. Without spin—orbit interaction only L, » has to be extended to
Jor = Ly n + Sp.n when including the spin.

The field-independent matrix element (2.135) allows for hopping between different sites,
the first term in (2.13c¢) will lead to the contribution of the electric field to the drift motion
m the six-dimensional configuration space, while the other term yields transition processes
between valence and conduction band. A similar decomposition as in (2.13¢) holds for the
magnetic contributions.

3. Equations of motion

In this section we derive the equations of motion for the expectation values of pairs of
creation and annihilation operators which are usually summarized in the density matrix

(clepy elaly
((di(-‘j) (d;dj)) ’ 3.1)

Here Ciy = {clc;) and D, = {d]d;} denote the electron and hole distributions, respectively,
whereas the electron-hole pair amplitude is given by ¥;; = {(dic;}. Setting up the Heisenberg
equation of motion hdA/dt = [A, H] for an operator A and then taking the expectation
value {A} = Tr(pA) with the statistical operator p yields for the elements of the density
matrix (3.1)

d
Iﬁanj + Z:: heja¥y — Z{: By i Yj = ~hejui + Z:: he i Cy — Z!: Bci,o Dii (3.2a)

. d
= ih—Cij + Z hesCit = Z ha,aClj = Z huti Yy — Z heju ¥ (3.2b)

lﬁ_D[] + th :JIDIJ Z hv! uf L! = Zhwdzﬂ Ehd v} ;1 (326)

The next step is the introduction of densities as proposed by Stahi and Balslev [14] in the
spirit of an interpolation scheme:

Y(ri, 1) = ) Yy AMr — R)AGrs — Ry) (3.3)
i

Clr,m2) = Z CijA*(r — R)A(ry —~ Ry) (3.3b)
i

D(ry,m) = ) DyyA(ri — R)A*(ry - R;) (3.3¢)
ij
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which are defined on the spatial continoum with the §-like sampling function A being

] .
Alr—R)) = gl tr—8y) (3.4)
T NSl ,;Bz

The corresponding equations of motion are then transformed by introducing relative
x = r; — r; and centre B = (r; + r)/2 coordinates. As is indicated, for example,
by the electron distribution in thermal equilibrium C*¥{x), which is a Gaussian with a
width given by the thermal wavelength Ay = A(mckpT)~V/ 2 where kg and T denote the
Boltzmann constant and the lattice femperature, respectively (Ap = 64.7A in GaAs for
T = 300K), the density matrices tend to 0 as x — co. Hence, one can approximate the
scalar potential according to

PRELz, )~ ORNELIVOR Y - (3.5)

if the length scale of its spatial variation is sufficiently large (for extensions see section 6).
Furthermore, we restrict ourselves in the remaining part of this section to the case of a
longitudinal electric field and a light field. It is then possible to neglect the magnetic
field since the relation between the amplitudes B = £ /c leads to negligible magnetic
contributions to both the drift motion (the Lorentz force is v/c times the electric force)
and the transition processes (terms associated with magnetic dipoles are small compared
to the electric counterparts). The resulting equations in the effective mass approximation
(ey(k) =~ —h2k2/2m, with m, > O, e.(k) =~ Eg; + #2k?/2m, with E, dencting the band
gap) are

(—m%wgmw) Y(R, z) = —ert, () (R, -+Ex (0, N][8s @) —C(R, &)~ D(R, ~2)]
+ 2y (®,2) (360)
2
(—ih% + sz) C(R, @) = e[l V" (R, —a) — 1Y (R, @)] - [Ey (B, 1) + B0, )]
-+ ?‘[C(R, x) — C*(x)] (3.68)
1
(-m:—t + szw)D(R, 2) = —€[rY*(R, @) — 7w (B, —2)] - [Ey (R, 1) + EL (0, )]

+ 2 1p(@, 2) - D) (3.60)
1

where the band-limited § function is given by ég(x) = V! Y kenz explik - ). In view of
the constitutive relations to be derived as limiting cases in the next section phenomenological
relaxation times have been added to account for irreversible processes. The definitions of
the drift operators are

n? R/ 1 1 n?
Que = —c— AR — w{ = —=— VR + Vp — ﬁﬁm +elBy(R, D+ EL 0,0z (3.7a)

8 2\m. my
52

Qe = _”Tvﬂ - Ve +e[Ey(R, )+ E (0, 8)] -z (3.7b)
52

Qv = Vg Vs — el By(R. 1) + E1(0,0)] - & (3.76)
¥
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with ! = m 1r m;‘ being the reduced mass. Note that there are also cases where it
can be advantageous to use in the equation for ¥ the centre-of-mass instead of the centre-
coordinate [14]. In the limiting case where ¥, C and D do not depend on R and =
(effective masses — oo and relative coordinate — 0), i.c. when the drift operators can be
neglected, these equations represent the optical Bloch equations describing the dynamics of
independent two-level atoms [51].

In order to establish the relation to the k-space density matrix formulation a Fourier
transform with respect to the relative coordinate @ has to be applied which has a certain
analogy to the Wigner transformation [14,41]

PRB= [ YRDH D= S @ e (3.80)
4 FeBZ(R)NBZ(—k))

fo(R, k) = f C(R, x)e = ¥y = > (ch e Crppr)ed R (3.8h)
v K <(BZ(R)NBZ(~k))

fo(BK) = f DRz} dx= B (dl, gyt R (3.80)
v

k' e(BZ(kYNBZ(—k))

where BZ(k) is the Brillouin zone centred around & and creation and anmhﬂatwn operators
with respect to Bloch functions have been introduced (cj, = ¢, k. dk = e k)
The equations of motion resulting from the Fourier transform are

5 . RA1 1
[5 BT AR+ 2(;;; - ;;v)k Va— -[Eu(R H+EL(0,0]- Vk]P(R k)
= (a—p%’ﬂ) - lp(R, k) (3.92)
(3 + k- Va-SUEWR, 0+ B0, V) fR ) = (m)
t o omg gt s
- r_l[f“(R’ k) — f2kN (3.95)
(ai + Lk Va+ S(B(R, 1)+ BL 0, )] - Vk)fv(R, k) = (__af”(R’ ’“))
r o my h at 5
- rl.[f“(R’ E) - fJAR)] (3.9¢)

where the source terms are given by

21.2
(BP(R, k)) 1 [(Eg+ &) PR, k) -+ erly - [Ey(R, ) + E1(0, 1)]
5

atr iR 2
x [1— fulR, k) — fu(R, —fen] (3.100)
(%f—fl) = [rip" (B k) — rep (R, K] - [EY(R, 1) + B (0, ) (3.108)

(ﬂ;—fﬁ) = I p (R, k) = rop(B K] (B, D+ 1.0l (3.100)

The optical Bloch equations are again obtained in the case where p, f; and f, do not depend
on R and k. Neglecting only the space dependence yields the density matrix dynamics in
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the k-space formulation as often used in optics (after inclusion of the Coulomb interaction),
i.e. apart from the drift terms « B - Vi, the usval semiconductor Bloch equations. On the
other hand, the equations for f. and £, coincide in the absence of the source terms with the
Boltzmann transport equations in the relaxation time approximation.

4. Electrodynamic quantities

In this section we establish a relation between the dynamic variables, i.e. the electron-hole
pair amplitude and the electron and hole distributions, and macroscopic quantities of interest
such as the interband polarization and the conduction current density. Qur scheme will be
based ont an identification of the expectation value of the Hamiltonian with the classical
Hamiltonian in the electric dipole approximation. For that, we use the orthonormality
relation of the sampling functions (3.4)

f AR - R)A(R-R))PR=8; .1
v

in order to extend the summation in (2.1a) and thus are able to rewrite the expectation value
of the Hamiltonian

(H) =Te(pH) = L H(R)d*R “42)

as an integral over an energy density which is given in terms of the dynamic variables (3.3)
and (3.8), respectively, and can be arranged in the form

HR) = W(R) + g(RHP(R, ¢} — EL(0, 1) - R] — Puee(B) - [B)(R, 1) + EL(0,7)] (4.3)

where the time dependence of the densities is suppressed. In the following we give the
definitions of the individual terms in (4.3) and interpret them. The first term

A K
WOR) = Well®) + WolR) = ( By~ 53— Aa = 5= | CCR. @)lens
< c

B2 b
+ (_2mv Ay — 3—m:AR)D(R, Z) |20

)2 2
! ./-(I-:gﬁ:"—-*—"c _h AR)ﬁ(R,k)c?k
BZ

=y om, | 8mq

212 2
_ f (7’ K_* AR) fAR, &)k 4.4
BZ

2y 2m,  8m,

represents, apart from the band gap, the kinetic energy density of electrons and holes. It
can be seen that this energy involves a quantum mechanical correction term, a fact which
was first found by Wigner [41] for the case of thermodynamic equilibrium. Qur approach
for the quasi-particles in a semiconductor, however, holds under arbitrary non-equilibrium
conditions, since we did not need to invoke any particular shape of the electron and hole
distributions. The quantum correction will be discussed in more detail in section 6. Here,
we only consider briefly the limiting case of thermal equiiibrium in a non-uniform situation
described for non-degenerate electrons by the Maxwellian

R
FAR, k) = expl:— (Eg + o= e®(R) — ,u) (kBT)“‘] (4.5)

c
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where u = Eg/2 4+ 3T [In(m,/m.)]/4 denotes the chemical potential. The energy density
of the elecirons then becomes

1 R Kle? [VRO(R))?

eq 3 — —_—

a7 Lo (.~ )R 08k = (307 - T B
_ B AR(P(R))

(4.6)

with the electron density given by

no(R) = (2m)~ fB ) fo(R, k) &k.

This shows that the quantum correction for the mean energy, W.(R)/n.(R), vanishes in
the limit of high temperatures.

The last term in (4.3) induces via the electric field interband transitions between valence
and conduction bands, which can be described by the interband polarization

P (R) = —erch(R 0) — er* Y*(R,0)

(2::)3 f [—erwp(R, k) — ert,p*(R, k)] d*k. @.n
On the other hand, the second term in (4.3) accounts for the intraband drift motion. In
fact, differentiating the charge density

o(R) = g.(R) + ev(R) = —eC(R,0)+eD(R, 0)

3
(231)3 f [—ef (R, E)+efi(R, k) dk 4.3
with respect to time and using the equations of motion (3.6b) and (3.6¢) yields in the
absence of relaxation processes the continuity equation

ad
—o(R) + Va- j(R) =0 “9)

which permits vs to identify the conduction current density describing transport processes
as

v

. . . e f e k
J(R) = j.(B) + jv(R) = —;n“"'i“VmC(R, T)|e=0 + ;n—‘i—VmD(R, ) |z=0
i+

1 hk hk 3
- ey fBZ( e SRR e SR, k))d k (4.10)
It has to be stressed that the expression for the conduction current density comprises in
general explicitly the vector potential, as does the probability current density in ordinary
quantum mechanics. Oanly the choice of our gauge (see (2.5)) removes the explicit
dependence on the vector potential from the expression (4.10) as long as the magnetic
field can be neglected.

It has thus been possible to divide the electronic dynamics into band-to-band transitions
given by the interband polarization and the drift motion described through the conduction
current density. This division is further emphasized by the constitutive relations, which
can be derived from the equations of motion for the density matrix. Taking in the limit of
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infinite large effective masses the second derivative of the polarization (4.7) with respect to
time and using (3.6a)—(3.6¢) leads to

dP, 2 d P
Tt o L]+ (1)) P =

20565y ® Ty,

o nE(t) (4.11)

with w, = Eg/fi, 1 = 1/ and E = E; + E)). Here, the electron and hole densities
have been neglected against n, and the dipole matrix element is assumed to be real.
Equation {4.11), which is usually introduced within the picture of ‘bound’ charges, represents
the constitutive relation for the polarization (after inclusion of the induced electric ﬁeld)
permitting us to calculate the susceptibility x («) defined through Hm,(w) = EgX (a))E(w)
On the other hand, the first derivative with respect to time of the conduction current densities
{4.10) of electrons and holes yields in spatially homogenecus systems with the help of (3.60)
and (3.6¢) the Drude equations

dje 1, €

a F e = B0 @12
djy 1. e? '

dt + ‘[,'_l v = "'—'m ﬂvE(t) (413)

where n, and n, denote the electron and hole densities, respectively, and band-to-band
transitions have been neglected. These equations, which correspond in the framework of
classical electrodynamics to ‘free’ charges, determine the frequency-dependent conductivity
o(w) given by 5 (@) = o(w)E(w). Note that the electric field in (4.11) stems from the
source term in the equations of motion, whereas in (4.12) and (4.13) it comes from the drift
term. It should be stressed as well that even in the simplest case of a static electric field
(¢ = —Ey+ R, A =0) the scheme given in (2.7), i.e. using localization properties of
the Wannier functions to restrict integrations to an overlap region and relating the position
vector in the dipole matrix element to the centre of the overlap region, is necessary within
our approach to obtain as the limiting case Ohm’s law jJ. = oo E with oo = *tin./m..

Finally, we give for the case of a sufficiently localized system an equivalent formulation
of the energy density (4.3). Performing another gauge transformation via § = f L (0, 'y dr!
and approximating the longitudinal electric field by its value at the origin {compare (2.6))
results in

H(R) = W(R) — [Puma(R) + Pue(R)] - B0, 1) (4.14)
with

1
Pora(R) = —eRC(R,0) + eRD(R, 0) = By f [—eRf.(R, k) + eRf, (R, k) dk.

(4.15)
This intraband polarization is related to the conduction current density according to
Prn(R
$BualB) ;:( ) - i(R) (4.16)

as can be shown with the help of the continuity equation (4.9} and an integration by parts,
if there is no current crossing the surface of the sample.
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5. Static magnetic field

This section is devoted to the inclusion of a static and vniform magnetic field Byp into the
equations of motion. The magnetic field is considered to be so strong that it is no longer
justified to neglect the magnetic contributions. The cortesponding equations of motion are
obtained by the same procedure which led in section 2 to (3.6). However, the expression
for the conduction current density resulting from the continuity equation (4.9) now includes
explicitly the magnetic field. In order to obtain again the field-independent expression (4.10)
cne has to apply the transformation

V(R z) = = BxR% yp 1) (5.1a)
C(R, x) = &= B B/% (R ) (5.18)
D(R, x) = ¢~ Box B/ e oy, (5.1¢)

This kind of transformation was first given by Lamb [52] for two-particle problems in the
Schrédinger picture (using the centre-of-mass instead of the centre coordinate) and later
used by other authors [53,54]. The corresponding variables in the k-space formulation are
again obtained by the transformation (3.8) and the total energy density {compare (4.3)) in
the new variables is

Hiw(R) = H(R) ~ M(R) - By + Hau(R) (5.2)
enabling the identification of the magnetization as
M(R) = ———{LC(R,0) — L,D(R.0)
sz
+ [R % Py + Ly ¥ (R, 0) + [R x pf, + Lt IV*(R, 0)}
1 . .
fB z(—i{mec(R, k) - L fi(R, K)

= @n)y 2mo
IR X pro + Lucl5(R, k) + [ x e + DI (R, k)}) Fr. 63

Here Haa(R) denotes the diamagnetic contribution, which is quadratic in By. Note that it
is due to the transformation (5.1} that the expression for the magnetization does not include
the group velocity defined in (2.9).

Instead of listing the complete equations of motion following from (2.13a) and (5.1)
we concentrate on the cases that are relevant either for transport theory or for optics. In the
former case one can often neglect the electron-hole pair amplitude restricting the dynamics
to the Boltzmann transport equations. In the presence of the magnetic field they are

] h h
L L k-VR— BB, 1)+ B0, 1)+ —k x Bol - Vi
ot mg h Mme

271 1 - 1 .
- f—(—— - m—)(Bo x R)+(Byx Vk):'fc(Ra k)= —r—l[fc(R, k)— fk)]
(5.4)

a h f
— o+ k- Va+ Z[E(R, 1) + Bo(0,0) + —k x Bo] - Ve
a - my R ny

82 1 i - 1 . .
+E(m_o+m_v) (Byx R)-(By ka)]fv(R, k)= _'r_l[fv(R’ k)~ Fk)].
(5.5)
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Note that without the transformation (5.1) there would be a factor 1/2 in front of the Lorentz
force as well as additional terms leading in particular to a conduction current density that
depends explicitly on the magnetic field. As a result, we have found in addition to the usual
drift term a contribution that is quadratic in the magnetic field and canceis in the Iimit of
free particles (m. — mo, my ~> —mg). The equation for the holes is obtained from that
for the electrons through the substitution m. — —m, and k — —k. If there were not the
term quadratic in By (and the band-to-band transitions already neglected), this would be
equivalent to the substitution m; — my and —e — —+-¢ thus permitting the interpretation of
holes as positively charged particles.

In contrast, the space dependence can often be neglected in the field of optics. When
dealing with a magnetic field it is then advantageous not to perform the Fourier transform
according to (3.8), but to use the x-space density matrix formulation. The resulting equations
in this case (neglecting e B (r ), /8mq against 3(Bp x )?/32p in view of an expansion of
the density matrix in terms of exciton wavefunctions (compare (2.13a)) and taking R =0
as the point of reference) are

0 € 5 % * _ € r*.
(_‘ﬁﬁ +E, + 2_moB° (Lo — L) + ch)r(m) = (—-ervc E®) S L Bo)
% [8p(x) — C(x) — D(~=)) .
- ex Pt Bo[C(x) — D(—x)] + Ez"f(m) (5.6a)
4myg Tz

( lflaa +Qcc)C($) = —e[TvCY*(—a:)—rch(m)] E(I)-——[L* Y*( m)_ch}‘;(m)].Bo
- ﬁm x [D, F*(~x) + pu. V()] - By + —[c(m) - CH(z)] (5.6b)
(_m%m”") Bi@) = ~elric T @ =ried (@) B~ 5 —(Li @)~ L P (~2))- By

— o x [P @) + preF (—2)] - By + —[5(19 — D*(x)] (5.60)
4mo 3]

with the total electric field E(t) = Ey(0,1) + E, (0, ) and the drift operators

« A2 1 1 B 2
Qe = ———Oe +eBE) -z + E(— - —)B{, s X =V -%-ﬁ—(BD x x)? (5.7a)
2u 2 i 32n

me My

3 A
B = eE(f) @+ —By-x X~V (5.7)
me i
o e h
Quw=—eE({) 2 ——By & x -V, (5.7¢c)
M, i

Note that L. and L., in (5.6a) are the only terms to be modified according to J. =
Ly + 8. and Jyy = Ly + Sy, respectively, when including the spin. This contribution
leads to a band-splitting which depends on the stength of the magnetic field. A similar
effect occurs in the drift operators (5.7) after projecting the density matrix onto exciton
wavefunctions. For a realistic description of the dynamics these equations have to be
extended by the Coulomb interaction treated in the literature in the time-dependent Hartree—
Fock approximation [8, 11, 16, 18] or beyond [25,26]. In magneio-optics this has already
been done within the density matrix approach by Stafford and co-workers [22]. However,
they omitted the magnetic coniributions corresponding to the Lorentz force in the drift
operators of electrons (5,75) and holes (5.7¢) as well as the terms associated with a magnetic
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dipole on the right-hand sides of (5.6). In addition, the prefactor of the term, which is
quadratic in By, differs from ours in (5.74) (note that there wouid be still a difference
when using the centre-of-mass instead of the centre coordinate within our approach). This
difference is supported by former investigations showing that the ‘Peierls substitution’, i.e.
the use of effective operators ¢,{—iV + ¢(By x r)/2#), involves an error proportional to
B? [55]. Doubts about the validity of the ‘Peiezls substitution’ have also been confirmed
recently [35]. Hence, our approach suggests that one should expand the density matrix in
terms of exciton wavefunctions instead of projecting it onto Landau orbitals.

6. Quantum transport

In this section we concentrate on the intraband drift motion in the presence of a scalar
potential and therefore neglect interband transitions described by the electron-hole pair
amplitude. On the other hand, we will make no simplifying assumptions about the band
structure and consider the full space dependence of the scalar potential. The equations of
motion can be found along the same lines as developed in section 3. We only do not apply
the effective-mass approximation and retain the complete expansion of the scalar potential
in (3.5). The resulting collisionless quantum Boltzmann transport equations are

3 i . .
(35 + st~ i) — et + fiv)
- SR+ §i%) = (R~ VN ) R, ) =0 610
i

d - . _ .
(:3; + i{e"(k — 3iVg) — &(k + 1iVR)

+ e[ P(R + 5iVi) — P(R %ivk)]}) f(RE)=0 (6.15)

where we have introduced the hole band structure via €,(k) = —e,(k) and suppressed the
time dependence of the scalar potential and the distribution functions. Expressions of the
form f(x £ %i‘?y) are understood to be expanded into a Taylor series according to

fle£3iV) = f(x) £ 3iVef(@) - Yy % ... (6.2)

The corresponding expression for the expectation value of the Hamiltonian (compare (4.2)
and (4.3)) is

() = ToH) = [ (W) + eReRIER 63
with the energy density
WR) = WiR)+ W) = s [ Hecll+ }iV) + el = HIVRIAR, k) ¢k
@n)° Jpz

+ _—(2;)3 ‘/E;Z 1[E (R + 3iVR) + &(k — iVR)IFAR, k) k. 64)

The equations of motion (6.1} yield again the continuity equation (4.9) for the charge density
g () defined in (4.8). However, the conduction current density is now given by

2.} _1 n
5 = iRy + 3R =~ [ 3 (0 T o Rk SR R
n=0 :
e — (-1 S 2
+ Qny LZZM(?’R-W) DK w=r fo(R, k) &k (6.5)

n=0
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where 0, (k) = Vi.€,(k)/h denotes the hole group velocity, The equations of motion (6.1)
together with the expressions for energy density (6.4), charge density (4.8) and conduction
current density (6.5} represent a complete description of collisionless quantum transport.

In contrast, concrete applications require tractable formulations that include only the
leading quantum corrections. One way of doing this is to introduce the classical momentum
p = hk and to retain only terms with the lowest power of & that do not cancel. This
correction turns out to be of the order A2 both for the equations of mofion and for the
energy and conduction current density. Another possibility would be to classify according
to the derivatives of the given functions €.(k), €,(k) and ®(R). The consideration of
zero- and first-order derivatives with respect to k& and R, respectively, coincides with the
formulations in classical transport theory. However, as a result of keeping the second
derivatives in the next step, one finds that only the energy density involves a quanfum
mechanical correction term. Even-order derivatives of ¢;(k), €,(k) and ¢(R) cancel in the
equations of motion as well as in the expression for the conduction current density. This
second approach leads to the formulations presented in sections 3 and 4.,

Once a scheme of approximation has been chosen the corresponding equations of motion,
together with the expressions for energy and conduction current density, can serve as a
starting point for the derivation of quantum hydrodynamic equations for electrons and holes.

7. Conclusions

We have presented a derivation of the two-band density matrix dynamics that goes
beyond the usual semiconductor Bloch equations and the semiclassical Boltzmann transport
equations. Our approach is based on localization properties of the Wannier functions
which enables the decomposition of the effect of external fields into transition and transport
contributions. The main applications beyond the standard theories concern the ‘resonant’
Stark effect, which originates from the Ilight field in the drift term of the electron-hole
pair amplitude, the emission of THz radiation from semiconductor heterostructures, which
is related to the intraband polarization, and quantum transport, where our approach yields
a general expression for the quantum correction of the energy density thus representing a
rigorous basis for the derivation of quantum hydrodynamic equations. The inclusion of a
static magnetic field has led to additional terms so far not considered in the field of magneto-
optics and semiclassical transport theory. In concrete cases the simplified equations given
in this paper have to be adapted to the situation under consideration (e.g. a heterostructure)
and extended by generalization {o a muiti-band model including the spin as well as the
induced transverse fields and the Coulomb interaction.
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Appendix

In this appendix we show briefly how to pass within the formalism employed in this paper
from a semiclassical Hamiltonian in the original gauge to the corresponding Hamiltonian in
another gauge.

The system under consideration consists of Ny electrons interacting with a classical
external electromagnetic field and subjected to the influence of a potential U(r}). It can be
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described by the Hamiltonian

Na

H@) =3 h() (Al)
s=1

ha0) = 3elDs + A, O = €8, 1) + U ). (a2)

Under a canonical transformation
i
T() = exp(—gercr,, r)) (A3)
s=1

the Hamiltonian H(t) and the Ng-electron state satisfying the Schrédinger equation
ind|y () /dt = H(t)|(t)) wansform to [46—48]

HO=TOHOT () +ik (t):ﬂ(z) (Ad)

[ (0} = Ty (1) (A5)

where H'(t) turns out to be again of the form as given by (Al) and (A2), but in terms of
potentials A’ and ¢’ which are related to A and & via the usual gauge transformation (2.4).

Rewriting the Hamiitonian (A4) in the occupation number representation (second
quantization) then yields

H'() =Y gl @©)ly) chey (A6)
V.l

the sums ranning over a complete set {[¢,)} of one-particle functions. Finally, we pass
over to the Hamiltonian in the Heisenberg picture H'(r) = U (¢, o) H'()U' (¢, to) with the
carresponding time evolution operator (¢, #y) given as the solution of ik d2f'(¢, o) /dt =
H'(HOHU'(t, 1p). Hence

H @) =Y (9ulh' Oly) 10,0 (A7)
v

The model used in this paper is then specified by using (2.5) in the canonical transformation
(A3}, choosing the Wannier functions as the complete set of one-particle functions and as a
last step restricting in the two-band approximation the summation over the band indices in
{AT) to one valence band and one conduction band, In order to keep the notation as simple
as possible we have dropped, in the Hamiltonian ¢2.1a), the primes indicating the gauge
and suppressed the time dependence of the Heisenberg operators.
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